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ABSTRACT

Differential equations are systems of equations of central mathematical interest in the modeling of
dynamics in science and engineering, economics, and applied mathematics. The number of available
analytical and numerical methods has been quite high, but the procedures based on matrix exponential
are a formidable and unified approach to the problem of linear and semi-linear systems of ordinary
differential equations. These techniques provide precise solution approximations of linear problems and
form the theoretical basis of the current exponential integrators applied to stiff and large-scale problems.
This paper is a thorough and in-depth research on the techniques of solving exponential matrices, their
mathematical basis, methods of finding the analytic solution, numerical estimates, and their applications.
Mathematical properties of matrix exponentials are worked out, and then exponential time differencing,
Krylov subspace methods, and formulations of low rank are discussed. To illustrate the depth of the theory
as well as its practical applicability, illustrative examples, theorems, and proofs are presented. The paper
shall be self-sustaining and fit for peer-reviewed publication and presentation in academic databases like

ResearchGate.

Keywords: Matrix Exponential, Systems of Differential Equations, Exponential Integrators, Krylov
Subspace Methods, Numerical Analysis.

1. INTRODUCTION

Ordinary differential equations (ODEs) are systems of mathematical equations that occur naturally in
mathematical models of time-depending processes in a very broad variety of fields, such as physics and
engineering, biology and economics, as well as control theory. These systems can be written in a compact
form in matrices-vector in a large number of real world cases, such that one relies on linear algebraic tools

to take a central role in the theoretical and computational strategy of solution.
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The classical methods in solving systems of differential equations are eigenvalue eigenvector methods,
Laplace transforms and numerical time stepping methods like Euler and Runge Kuttak methods. Although
these methods are useful in low-dimensional or non-stiff cases, they are usually insufficient in large, stiff,
and highly structured systems. Specifically, classical numerical methods can need step sizes which are

prohibitively small in order to be stable and accurate.

The methods based on matrix exponential are an elegant alternative and mathematically rigorous. The
methods can give precise approximations of solutions to linear systems of differential equations by
applying the same scalar operation, exponential, to a matrix argument. The matrix exponential is the
operator that captures the full dynamical dynamics of a linear system and is the basic operator which
dictates time dynamics. This renders it an intuitive and strong device of analytical studies as well as of

numerical algorithms.

This paper is intended to give a rigorous and detailed treatment, mathematically, of methods of solving
systems of differential equations based on the use of matrix exponentials. The paper lays out the theoretical
basis of matrix exponentials, develops a representation of solutions to both non-homogeneous and
homogeneous systems, and analyzes more sophisticated numerical techniques of computation efficiency.
Clarity, rigor, and completeness are given importance and thus the work can be easily published and

disseminated in the peer-reviewed journals and other academic platforms.
2. LITERATURE REVIEW

Baleanu et al. (2018) investigated a Chebyshev spectral method based on an operational matrix for
solving fractional differential equations involving a non-singular Mittag-Leftler kernel and developed a
robust numerical framework for handling such complex equations. The study demonstrated that the use
of spectral methods significantly improved the accuracy and convergence rate of solutions while
minimizing computational effort. It also highlighted that the proposed technique was particularly suitable
for modeling real-world phenomena described by fractional dynamics, thereby contributing to

advancements in applied mathematics, physics, and engineering.

Bloomfield (2018) explored the application of the R programming language in numerical analysis for
science and engineering and demonstrated its versatility as a computational tool. The work provided
detailed insights into how R could be used to solve differential equations, perform simulations, and

analyze complex datasets. It emphasized that R’s flexibility, wide range of libraries, and user-friendly
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environment made it highly effective for mathematical modeling, enabling researchers and students to

implement numerical methods efficiently and accurately.

Margossian (2019) reviewed the concept of automatic differentiation and its efficient implementation,
focusing on its role in improving the precision and performance of computational methods. The study
explained that automatic differentiation allowed exact derivative computation without the approximation
errors associated with numerical differentiation. It also discussed different implementation strategies, such
as forward and reverse modes, and highlighted their importance in large-scale optimization, machine

learning, and scientific computing, where accurate gradient evaluation is critical.

Mena et al. (2018) examined numerical low-rank approximation techniques for solving matrix differential
equations and proposed efficient computational methods for handling high-dimensional systems. The
study showed that low-rank approaches significantly reduced memory requirements and computational
complexity while preserving solution accuracy. It further emphasized that these methods were highly
suitable for large-scale problems in engineering, physics, and applied mathematics, where traditional
numerical techniques often become inefficient, thereby contributing to the development of scalable and

efficient solution strategies.
3. MATHEMATICAL PRELIMINARIES

This section will focus on the fundamental mathematical knowledge and findings needed to develop the
matrix exponential based methods of solving systems of differential equations. This conversation is about
constant coefficient linear systems and defines the properties of matrix exponential which will form the

basis of the rest of this paper.
3.1 Linear Systems and the Matrix Exponential

Consider a first order linear ordinary differential equations system in matrix form by

dx(®) _, 0
I - x(t),x(0) = X,

where A € R™™is a constant matrix and x(t) € R"is the state vector.

The central mathematical object for solving such systems is the matrix exponential.
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Definition 3.1 (Matrix Exponential)

For any square matrix A € R™ ™, the matrix exponential is defined by the power series

Ak
E.
k=0

This convergence is ultimate to all square matrices so that the matrix exponential is well-defined no matter

the size or norm of A.

The matrix exponential has a number of basic properties that are similar to those of the scalar exponential

function.
Theorem 3.1.

Let A,B € R™ ", Then:

2. e’isinvertible with (e4)™1 = e™4,
3. IfAB = BA, then e4*8 = e4eB.

Proof.
The results follow directly from the absolute convergence of the defining power series and standard

properties of matrix multiplication.
A key analytical property of the matrix exponential is its behavior under differentiation.
Theorem 3.2.

For a constant matrix A,

E(e“‘t) = Aedt = e4tA,
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Proof.

Term-by-term differentiation of the power series defining e“tyields the result.

These properties establish the matrix exponential as a natural candidate for the fundamental solution

operator of linear systems.
3.2 Fundamental Matrix, Norm Estimates, and Spectral Representation

A matrix-valued function @ (t)is called a fundamental matrix of the linear system if it satisfies

(t) =AD(t), P(0) =1
dt ( )’ ( ) *
Theorem 3.3.

The fundamental matrix of the system x = Axis given by

d(t) = et

Proof.
Substituting ®(t) = e“tinto the defining conditions verifies both the differential equation and the initial

condition.

Matrix norms are useful for analyzing stability and growth behavior of solutions.
Lemma 3.1.

For any consistent matrix norm |l-l,

e I e,

Proof.
The stated inequality can be obtained by using the sub multiplicativity of the matrix norm and the

definition of the matrix exponential as a power series.

When the matrix A is a diagonalizable operation, there is a spectral decomposition of the matrix.
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A= PDP71,

where Dis a diagonal matrix of eigenvalues. In this case, the matrix exponential can be expressed as

eAt — PeDtP_l,

with ePtobtained by exponentiating each diagonal entry of D.

In the case that A is not diagonalizable, Jordan canonical forms are used, which leads to the presence of
exponential functions multiplied by poly-nomial terms. These representations are useful in the qualitative

behavior of the solutions, more specifically the stability and the long-term dynamics.

The findings here are used to define the theoretical framework, which is used to solve the exponential
matrices. Those preliminaries form a direct basis to the explicit derivation of the solutions of linear
systems and form the foundation of numerical methods like exponential time differencing and Krylov

subspace approximations that were discussed in the following chapters.
4. LINEAR HOMOGENEOUS SYSTEMS OF DIFFERENTIAL EQUATIONS

In this part, the precise solution of linear homogeneous systems of ordinary differential equations is
developed in terms of matrix exponentials. The findings herein provided represent the analytical heart of
the matrix exponential based exponential solution methods and give a direct generalization of the scalar

exponential solution of the first-order linear differential equations.
4.1 Exact Solution via the Matrix Exponential

Consider the linear homogeneous system

dx(t) Ax(t 0
—= = Ax(1t),Xx = X,,
= AX(0,X(0) = X,
where A € R™"is a constant coefficient matrix.

Theorem 4.1 (Exact Solution of Linear Homogeneous Systems)

The unique solution of the above system is given by
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x(t) = ex,.

Proof.

Let x(t) = e4tx,. Differentiating with respect to tyields

Evaluating at t = Ogives x(0) = IX, = Xg.
Uniqueness follows from the Picard—Lindel6f theorem for linear systems.

Remark 4.1.

The matrix exponential acts as the evolution operator of the system, mapping the initial state X,to the state

at time t.

4.2 Stability and Qualitative Behavior

The qualitative behavior of solutions is governed by the spectral properties of the coefficient matrix A.
Theorem 4.2 (Stability Criterion).

In case the eigenvalues of Ahave are exclusively negative real numbers, the trivial solution x(t) =0is

asymptotically stable.

Proof.
Exponential decay of the solution components in the case when the real parts of all the eigenvalues are

negative has been observed in the spectral representation of the matrix exponential as t tends to infinity.
Remark 4.2.

Direct and explicit connection between system stability and eigenvalue distributions Matrix exponential
formulations offer a clear and straightforward connection between the distribution of eigenvalues and

system stability.

4.3 Diagonalizable and Non-Diagonalizable Systems
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If the matrix Ais diagonalizable, then

A=PDP71,

where Dis diagonal. The solution becomes

x(t) = PePtP~1x,,

where the exponential of Dis obtained by exponentiating each diagonal entry.

In the case when A is not diagonalizable, we use Jordan canonical forms. The solution in this instance is
that the factors of the polynomials multiply exponential terms which shows that the generalized

eigenvectors are present.

Remark 4.3.

non-diagonalizable systems often exhibit transient growth even when asymptotically stable.
4.4 Illustrative Example

Example 4.1.

Consider the system

The values of the eigen-coefficients of the coefficient matrix are -land -2. The two eigenvalues are
negative and real; thus, the system is asymptotically stable. Matrix exponential is used to get the explicit

solution.

x(t) = e?'x,,

which describes exponential decay of both state variables.

Remark 4.4.
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This example shows how the exponential building methods give analytical understanding of the dynamics

of the system without necessarily having to rely on analytical step by step numerical integration.
4.5 Fundamental Matrix Interpretation

The solution operator e“4¢serves as the fundamental matrix of the system. For any two time instants t;and

t2)

X(t,) = eAltz7tIx(¢,),

highlighting the semigroup property of the solution.

Remark 4.5.

It is a critical property especially in the control theory and time-propagation algorithms.
5. NON-HOMOGENEOUS AND SEMI-LINEAR SYSTEMS

Most dynamical systems in practical situations are forced or otherwise influenced by nonlinear processes
and thus become non-homogeneous or semi-linear systems of equations. Methods based on the matrix
exponential can also be generalized to these systems and can be used to give a unified analysis framework

to generalize the analysis of homogeneous linear systems.

Consider the non-homogeneous linear system

dx(t)
— = Ax(t) + £(£),x(0) = X,

where A € R™"is a constant matrix and f(t) € R"is a continuous forcing function. Using the variation-
of-constants principle, the unique solution of this system can be expressed explicitly in terms of the matrix

exponential as

t
x(t) = e4tx, +f eAt=9) £(s) ds.
0
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The first term is the homogeneous response that is defined by the first condition and the integral term is
the overall contribution of the external forcing, propagated locally by the system dynamics as the matrix
exponential. In this context the matrix exponential can be considered as a Greens function of the linear

system.

Semi-linear systems occur when there are nonlinear effects in presence of a linear operator and may be in

the form.

dx(t)
— = Ax(®) + g(x (1)), x(0) = xq,

where g: R™ — R"is a nonlinear function. Applying the same variation-of-constants approach yields the

exact integral representation

t

x(t) = eftx, + f e4t=%) g(x(s)) ds.
0

Though this is an exact expression, it is usually not calculable in closed form, because of the nonlinear

term. However, it offers critical theory underlining the numerical techniques of matrix exponentials.

Specifically, time differencing techniques that are exponential in time are approximations to the nonlinear
integral yet the linear term is treated exponentially exactly. The first-order exponential time differencing

scheme is provided by.

z

e
Xn+1 = eAth + h ¢1(Ah) g(Xp), $1(2) = P

where h denotes the time step. Through this process of integrating the linear dynamics precisely, these
types of schemes have superior stability properties than classical explicit methods particularly with the

stiff systems.

When the eigenvalues of the matrix A are negative real values and the forcing or nonlinear term is bounded

then the solution of the system is bounded in time. This is a stability property that underlines the strength
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of the formulations based on matrix exponential and encourages their use in general in both analytical

studies and numerical simulation of dynamical systems.

6. NUMERICAL APPROXIMATION VIA MATRIX EXPONENTIALS

Where the scale of the system or problem requires the evaluation of the matrix exponential to be
computationally infeasible, then numerical approximation techniques are necessary. Numerical methods
based on matrix exponential attempts to approximate the matrix exponential, or the action of the matrix

exponential on vectors, and retain stability and accuracy properties of the exact solution.

The series expansion or diagonalization method of obtaining e™t is frequently not practical when there are
many dimensions. Rather, the contemporary methods of numerical analysis are concerned with the
calculations of expressions of the form e v, where the vis a is a specified vector. In this case, Krylov
subspace techniques come in handy. Given a matrix A and a Vector v, the Krylov subspace of dimension
mis is defined as

K (A, v) = span{v, Av, A?v, ..., A" v}

This low-dimensional subspace is then used to project the problem onto and obtain approximation of the
matrix exponential with a large reduction of computational cost, without much loss of accuracy. Krylov
convergence has been studied rigorously and error bounds have been provided to guarantee reliability in

the case of large subspace dimensions.

The other significant numerical strategy is low-rank approximation of matrix differential equations.
Solution matrices in many applications, e.g., control theory and quantum dynamics, have rapidly decaying
singular values. Low-rank schemes take advantage of such a structure, by the solution being expressed as
a lower-dimensional form and only the necessary components evolved. These methods, when used with

matrix exponential methods, can be used to simulate otherwise intractable systems with high efficiency.

The major benefit of numerical schemes based on matrix exponential is stability. These methods are
especially well suited to the stiff systems that are of interest to us as the linear component of the system
is integrated without error, as opposed to the traditional explicit schemes which have particularly strict

step-size limitations. This characteristic renders exponential integrators and Krylov based approximations
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appealing to time-dependent problems that occur in physics, engineering and large-scale scientific

computing.

7. APPLICATIONS AND DISCUSSION

Techniques based on matrices exponential are common to systems of differential equations analysis and
simulation because of their capability to model system behavior precisely or structure preservingly. The
use of matrix exponentials in linear control theory is associated with the analysis of state transition
matrices, which allow straightforward analysis of the stability and system behavior according to spectral

characteristics of the system matrix.

These techniques are especially useful in the fields of engineering and physical sciences in which stiff and
high-dimensional systems are especially difficult to solve using classical numerical methods due to
stability considerations. The combination of the linear component of the system is exact, leading to a better

numerical robustness and accuracy of the matrix exponential based methods.

From a computational perspective, approaches like Krylov subspace methods and low rank formulations
have greatly reduced the cost of computation of matrix exponentials. This has made it possible to use

solvers based on exponentials in modern scientific computing environments.

Altogether, it is possible to state that the methods based on matrix exponential are characterized by a solid
theoretical basis with practical computational benefits, which is why they are a stable and efficient

approach to solving systems of differential equations in terms of diverse applications.

8. CONCLUSION

The methods based on matrix exponentials provide a rigorous and formulated way of solving sets of
nonlinear equations of motion that simply connects the linear algebraic frameworks to the behavior of
dynamical systems. The theoretical bases of matrix exponentials have been developed in a systematic way
in this paper, and the extent of its usefulness to provide the exact solutions of the linear homogeneous
systems has been extended to the non-homogeneous systems and semi-linear systems in terms of the
integral representations. It was also indicated in the discussion that these analytical formulations support

contemporary numerical methods, such as exponential time differencing, Krylov space approximations,
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and low-rank methods, which can be efficiently and reliably computed to large-scale stiff systems.

Combining classical theory and modern numerical techniques, the study highlights the versatility, stability

and computational relevance of matrix exponential-based techniques to make them one of the key tools in

the theoretical analysis and practical use of differential equations.
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